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The stability of high speed laminar Newtonian jets is studied as a function of ambient air 
pressure. For Weber numbers less than 5.3 (based on air density) air pressure has no effect 
on stability. Ambient viscosity, through the effect of shear stresses acting on the jet surface, 
gives rise to the maximum in the breakup curve. For large Weber numbers ambient pressure 
effects can alter, and eventually control, the appearance of the maximum. 

Liquid jets ejected from long capillaries break up into 
droplets in a manner determined by the physical properties 
of the liquid and the ambient medium. In an earlier study 
( 2 )  jets of Newtonian fluids were ejected into stagnant air 
at atmospheric pressures, and attention was confined to 
the properties and dynamics of the jet. In the present work 
we examine the role played by the ambient medium in 
destabilizing the jet, and in particular, the effect of ambi- 
ent pressure. 

Jet stability is usually characterized through a breakup 
curve, which shows the dependence upon jet velocity of 
the coherent length of the jet. At low velocities no de- 
pendence on ambient pressure is observed, and the break- 
up length increases linearly with velocity. As the jet 
velocity is increased the effect of the ambient medium is 
observed in the appearance of a pressure dependence of 
the breakup curve. A maximum breakup length occurs for 
each pressure, the low pressure curves being the more 
stable. All these observations seem quite reasonable, and 
one might think that the effect of the ambient medium is 
well established in view of the long history of studies of 
jet stability. (For a historical surve , see reference 1). 

which one may determine quantitatively the effect of the 
ambient medium on jet stability. 

Two theories exist which have relevance to this study. 
Weber (11) examined the stability of a laminar Newtonian 
jet ejected into a stagnant inviscid atmosphere. The effect 
of the interaction between the jet and its surroundings is 
the establishment of a pressure distribution which accel- 
erates the growth of certain disturbances. Weber’s theory 
predicts the existence of a maximum in the breakup curve 
and attributes the existence of the maximum to aerody- 
namic pressure effects. Grant’s experiments (2) showed 
that Weber’s theory is not quantitatively accurate, and, in 
fact, is quite bad under typical experimental conditions. 

Tomotika (10) examined the stability of a stationary 
cylinder of liquid surrounded by a second liquid, both 
liquids being viscous. Thus the viscosity of the ambient 
medium was accounted for. However, since the jet was 
assumed stationary, the effect of viscous drag on the jet 
was not accounted for, and Tomotika’s theory would lead 
to a linear breakup curve showing no maximum. To- 
motika’s theory does allow an estimate of the importance 
of the viscosity of the ambient medium to be made, and 
Meister and Scheele (6) have recently reviewed this work. 

It is a fact, however, that no brea h up data exist from 

In considering the interaction of a jet with its surround- 
ings, and in trying to plan a well-defined experimental 
program, three factors seem to demand particular atten- 
tion. According to Weber’s theory, ambient pressure gives 
rise to the maximum in the breakup curve. One can test 
the significance of ambient pressure effects by injecting 
into surroundings maintained at various pressure levels. 

According to Tomotika’s work the jet-ambient kinematic 
viscosity ratio is significant. In the case of liquid jets in a 
gas maintained at pressures of the order of atmospheric or 
smaller, the ratio of kinematic viscosities is large compared 
to unity. The effect of the viscosity ratio is predicted to 
be nearly insignificant in this region. It would appear 
that one needs to work with liquid-into-liquid jets in order 
to study ambient viscosity effects with any sensitivity. 

The vapor pressure of the liquid will give rise to a 
certain amount of evaporation into the ambient medium. 
This will be a complex process, with mass transfer strongly 
affected by the fluid dynamics near the liquid-gas inter- 
face. If the ambient pressure is below the vapor pressure 
of the liquid, evolution of bubbles, or flashing, may lead 
to violent disruption of the jet ( 5 ) .  

In this paper only the effect of ambient pressure varia- 
tion will be investigated. Liquids will be used having 
vapor pressures sufficiently low that evaporation will be 
insignificant. 

EXPERIMENTAL PROCEDURE 

The experimental system is described in an earlier paper 
(2) .  Briefly, jets were produced by ejectin fluid from a 

rapid flash photograph allowed measurements of breakup 
lengths. The tubes were sufficiently long that fully developed 
flow was achieved in all cases. Glass tubes enclosed the jet, 
and could be evacuated to ambient pressures as low as 
0.007 atm. Procedures were as described earlier ( 2 )  and detail 
is given elsewhere (3). 

The fluids used in this study were Dow Corning silicon 
oils, which are polydimethylsiloxanes. They were chosen be- 
cause of their very low vapor pressure (less than 10-4 atm. 
at room temperature), and because of their availability in a 
wide range of viscosities. 

Because these flnids are polymeric, the possibility of non- 
Newtonian and viscoelastic phenomena must be investigated. 
Figure 1 shows the ,viscosity of the most viscous fluid used in 
this study, plotted as a function of shear rate. Only at the 
highest shear rates is there a slight departure from new- 
tonian flow. 

pressurized reservoir through horizontal hypo i ermic tubes. A 
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Fig. 1. Viscosity-shear rate behavior of the most viscous fluid 
studied. 

The absence of significant viscoelastic effects was demon- 
strated by comparing the expansion-contraction behavior of the 
silicon oils with established results for Newtonian, inelastic 
fluids ( 8 ) .  It is known that Newtonian fluids upon ejection from 
a long capillary undergo a diameter change which is a function 
of the Reynolds number. Viscoelastic fluids, on the other hand, 
reach a diameter which is greater than that of a Newtonian 
fluid of comparable viscosity, and this increased diameter has 
been used as a measure of normal stresses developed within 
the capillary (7,9). Figure 2 compares the behavior of the 
most viscous silicone oil used with the Newtonian correlation, 
and indicates an absence of significant normal stresses. [For a 
study of stability of viscoelastic jets, see Kroesser and Middle- 
man (4)J .  

Since the jet diameter differs from the capillary diameter, 
it is clear that the jet velocity also differs from the mass 
average velocity within the capillary. These changes occur very 
rapidly, over distances that are small compared to a breakup 

TABLE 1. SOLUTION AND CAPILLARY PROPERTTES 

Surface 
Viscosity Density tension 

Solution (Poise) g./cc. dynes/cm. 

1 0.49 0.96 20.8 
2 0.34 0.95 20.5 
3 0.20 0.95 20.3 
4 0.047 0.92 19.3 
5 0.013 0.85 18.2 

All measured at 25°C. 
Diameter Length 

Capillary an. cm. 

1 0.0833 4.33 
2 0.0864 7.78 
3 0.0833 40.0 
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Fig. 2. Test for elastic effects in the most viscous fluid studied. 
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Fig. 3. Breakup curves as a function of ambient pressure. 

length. Hence, most of the wave growth occurs on a jet whose 
diameter differs from the capillary diameter. In all of the 
parameters that characterize the breakup behavior, the jet 
diameter and jet velocity have been used. The jet diameter was 
obtained through the use of Figure 2, and the velocity follows 
from application of the continuity equation. 

Table 1 gives the pertinent properties of the fluids studied, 
along with the dimensions of the capillaries used. 

RESULTS 

The breakup curves are presented as Figures 3 through 
7. Each set of data represents the effect of ambient pres- 
sure at  a fixed level of viscosity. It would appear that the 
effect of ambient pressure depends upon the viscosity of 
the fluid. This is only an apparent effect, however. One 
would expect the action of ambient pressure to be deter- 
mined by the dynamic pressure p~Vj2, relative to the in- 
ternal pressure .%/dj. Hence the critical velocity V,, de- 
fined as that velocity at  which the breakup curve deviates 
from the main bod of data by 5 %  along the velocity 
axis, should satisfy &e relationship 

and a critical Weber number, based on ambient density, 
must be exceeded before breakup curves, at  a given vis- 
cosity, show an ambient pressure dependence. 

Since the critical velocity is a key parameter in describ- 
ing the breakup curve it is most instructive to test Equa- 
tion (1) by solving for V,, to give 

In all of the data examined, the surface pressure a/dj  is 
essentially constant. Hence, if the concept of a critical 
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Fig. 4. Breakup curves as a function of ambient pressure. 
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Fig. 5. Breakup curves as a function of ambient pressure. 

Weber number is correct, V, should be proportional to 
p A - 5 .  This hypothesis was tested in Figure 8 with the 
ten data points for which a critical velocity V, could be 
defined. A least squares fit of the data gave a line with 
a slope (with 95% confidence limits) of -0.652 f 0.16. 
This confidence range includes the theoretical value of 

The relatively large confidence range reflects the influ- 
ence of three scattered data points. If one performs a 
least squares anal sis excluding these three points, the 

relation coefficient (0.994) for these data is larger than 
that for the first correlation (0.957), indicating that a 
stronger linear correlation exists in the second case. With 
this as a statistical basis, a least squares line of slope 
-0.5 was put through the data, from which a critical 
Weber number was calculated as 

-0.5. 

resultant slope is r ound to be -0.542 2 0.069. The cor- 

0 P A -  I 

0 
I I I I I 

0 300 600 900 1200 1500 1800 
Vj (cm/sec) 

Fig. 6. Breakup curves as a function of ambient pressure. 
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Fig. 7. Breakup curves as a function of ambient pressure. 
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Fig. 8. Critical velocity data plotted 'according to Equation (2). 

Nwecerit.) = 5.3 (3) 
Jets having Weber numbers below 5.3 should show no 
effect of ambient pressure. 

Since some of the breakup curves exhibit maxima in- 
dependent of ambient pressure, it does not seem possible 
to argue, with Weber ( l l ) ,  that the maximum is caused 
by ambient pressure effects. This leads to the conjecture 
that the maximum is caused by ambient viscous effects, 
but perturbed by pressure effects. 

A characterization of the maximum may be obtained by 
examining the behavior of the maximum in the breakup 
curve, for those curves free of ambient pressure effects. 
Fi ure 9 shows the jet Reynolds number, based on the 

to ambient viscosities. It should be noted, of course, that 
the ambient viscosity was not varied, and so the generality 
of the dimensionless plot is not established for an ambient 
medium other than air at atmospheric pressure or lower. 
It is concluded, from these results, that ambient viscous 
forces give rise to the maximum in the breakup curve. 
This is contrary to the notion of Weber that the maximum 
is caused by ambient aerodynamic pressure effects. 

If the Weber number is sufficiently large, the maximum 
in the breakup curve depends on ambient pressure. Fig- 

ve P ocity at the maximum, as a function of the ratio of jet 
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Fig. 9. Correlation for the maximum velocity in data free of ambient 
pressure effects. 
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Fig. 10. Correlation for the maximum velocity in all data. 

ure 10 shows the Reynolds number, based on the velocity 
at the maximum in the breakup curve, as a function of 
p ~ / p ~ ,  with ambient pressure as a parameter. Ambient 
pressure causes the maximum to occur at a smaller Reyn- 
olds number than in jets free of aerodynamic pressure 
effects. Figure 11 shows the behavior of the maximum 
breakup length Lo.  

Also shown in Figures 10 and 11 are the predictions 
of Weber's aerodynamic theory. This theory does not con- 
sider PA, but does predict a dependence on p ~ .  Hence, 
the apparent dependence on P A  is just the dependence 
on F,,, at fixed PA. While Weber's theory might be valid 
in the limit of large p L / p ~ ,  the data do not permit any 
conjecture to be made on this point. 

If one examines photographs to observe the types of 
waves which destroy the jet, it may be seen that jets with 
Weber numbers (based on ambient density) less than 5.3 
are destroyed by axisymmetric waves leading to drop 
formation. This is so even beyond the maximum in the 
breakup curve, contrary to the notion that the maximum 
is associated with a change in breakup mechanism from 
axisymmetric to transverse waves. 

On the other hand, jets affected by ambient pressure 
do show a shift in breakup mechanism in the neighborhood 
of the maximum. Hence, jets of sufficiently large Weber 
numbers are significantly affected by ambient pressure 
driven transverse waves, and ambient viscosity effects 
become relatively unimportant. 

CONCLUSIONS 

The maximum commonly observed in breakup curves 
characteristic of liquid jets ejected into stagnant air is 
generated by viscous stresses as well as by aerodynamic 
pressure forces. 

For Weber numbers (based on ambient density) less 
than 5.3 aerodynamic pressure forces have no effect, and 

breakup curves are independent of ambient pressure. The 
jet is broken by symmetric disturbances, even in the region 
of velocity beyond the maximum in the breakup curve. 
The appearance of the maximum is due to the effect of 
the shear stresses generated by the motion of the jet 
interface. 

For larger Weber numbers aerodynamic pressure forces 
become important and lead to reduced stability of the jet. 
The maximum breakup length that can be achieved is 
reduced by pressure effects and becomes less dependent 
on the viscosity ratio of the two phases. In the neighbor- 
hood of the maximum the mechanism of breakup changes 
from symmetric to transverse wave growth. 
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NOTATION 

dj = jet diameter, cm. 
d, 
L = breakup length, cm. 
N O R e  = Vj* dj p ~ / p L  = Reynolds number based on 

velocity at maximum in breakup curve 
N w e ( ~ )  = dj Vj2 pA/u = Weber number based on ambi- 

ent density 
P = ambient pressure, atm. 
Vj = jet velocity, cm./sec. 
V, = critical velocity, cm./sec. 

Greek Letters 

+ = shear rate, set.-' 
p = viscosity, poise 

= diameter of capillary, cm. - 
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P = density, g./cc. 
u = interfacial tension, dynes/cm. 
x 
Subscripts and Superscripts 

A = ambient medium 
L = liquid (jet) 

= dj/dt = jet contraction ratio 

D = the maximum in the breakup curve 

LITERATURE CITED 

1. Grant, R. P., Ph.D. thesis, Univ. Rochester, New York 

2. - , and S. Middleman, AIChE J., 12, 669 (1966). 
( 1965). 

3. Fenn, R. W., 111, Ph.D. thesis, Univ. Rochester, New York 

4. Kroesser, F. W., and S. Middleman, AIChE J., 15, OOO 

5. Leinhard, J. H., I. Basic Eng., 88,685 (1966). 
6. Meister, B. J., and G. F .  Scheele, AIChE J., 13, 682 - (1967). 
7. Middleman, S., “Flow of High Polymers,” Interscience, 

New York (1968). 
8. - , and J. Gavis, Phys. Flu&, 4,355 (1961). 
9. Ibid., 963 (1961). 

(1967). 

(1969). 

10. Tomotika, S., Proc. Roy SOC. London, A150, 322 (1935). 
11. Weber, C., Z. Angew. Math. Mech., 11, 136 (1931). 

Manuscript received January 12, 1968; revision received April 15, 
1968; paper accepted April 22, 1968. 

Viscoelast ic Jet  Stability 
F. WILLIAM KROESSER and STANLEY MIDDLEMAN 

University of Rochester, Rochester, New York 

The breakup of a low speed horizontal jet i s  investigated. Weber’s theory for the Newtonian 
jet is extended to a linear viscoelastic fluid. The theory predicts a dependence of breakup 
length on the elasticity number. Breakup lengths are measured for low concentration solu- 
tions of polyisobutylene in tetralin. Two molecular weights, severol concentrations, and five 
capillary diameters were studied. A single correlation i s  obtained for al l  data which gives 
the breakup length as a function of the elasticity number, and the parameters of Weber’s 
theory. A t  constant values of  the Ohnesorge number and Weber number, the breakup length 
decreases with increasing elasticity number, The effect of the length of the capillary i s  
studied. At  large elasticity numbers short tubes give rise to slightly shorter breakup lengths 
than long tubes under identical flow conditions. 

This paper, one of a series (3 ,  4,  10) on the stability 
of liquid jets, is especially concerned with jets formed by 
extrusion of viscoelastic liquids from long capillaries into 
still air. An investigation of the role played by elasticity 
in altering the growth rate of infinitesimal disturbances has 
been conducted, and the experimental results can be 
rationalized through a simple viscoelastic stability analysis. 

The phenomenon studied is the breakup into droplets 

F. William Kroesser is at Tufts University, Medford, Massachusetts. 

of a horizontal laminar cylindrical jet. The primary mea- 
surement i s  of the breakup length, L, the distance from 
the capillary exit to the point where the jet is no longer 
coherent. Earlier studies ( 4 )  using Newtonian fluids have 
shown that data may be correlated by Weber’s theory 
( 1 3 ) ,  in the form 

L / D  = Cz NweS ( 1  + 32) (1) 

The Olmesorge number, 2, is the ratio of Nwel’a to N R ~ ,  
and is a measure of the relative importance of viscosity 
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